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Abstract 

We give sufficient conditions for a group of homeomorphisms of a Peano con- 
tinuum X without cut-points to be a convergence group. The condition is that 
there is a collection of convergence subgroups whose limit sets "cut up" X in 
the correct fashion. This is closely related to the result in [7]. 
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This paper is part of an approach to the weak hyperbolization conjecture in 
the case where the three manifold, M, contains an immersed incompressible 
surface. The idea of the program is to compactify the universal cover of M 
with a 2-sphere in such a way that G = tt\{M) acts on the 2-sphere as a 
uniform convergence group, and so by Bowditch, [2], G is word hyperbolic. 

The application, in this case, is when X is a 2-sphere and the collection A of 
subgroups are surface subgroups whose limit sets are circles. 

We prove the result in the setting of metric spaces, but it is also true in the 
more general setting of Hausdorff spaces, and the proof goes through with only 
minor modifications. 

Definition of convergence I We say a group G acting by homeomorphism 
on a space X acts as a convergence group on X if for each sequence of distinct 
elements of G, there is a subsequence (</j) and points p, n € X such that for 
any compact C ^ n and any neighborhood U of p there is an K € N such that 
for allz > K , gi (C) C U. (See figure 1.) 




Figure 1 



Definition We say that G acts properly on a space Y if for any compact 
C C Y the set {g € G : g(C) n C + 0} is finite 

Remark 1 It is easily shown that G fails to act properly on Y if and only 
if there exists a sequence (vi) in Y and a sequence of distinct group elements 
(gi) in G such that v j — > v <G Y and gi(vi) — > v G Y 

Definition of convergence II We say a group G which acts by homeomor- 
phisms on a space X is a convergence group on X if the induced action on the 
space 

AX = {T C X : \T\ = 3} 
Qeometry & Topology, Volume 6 (2002) 
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of distinct triples of X is proper. Notice that AX is a quotient of a subset of 
X 3 by the action of S3 (permuting coordinates), and this defines the topology 
on AX. 

In [1], these two definitions are shown to be equivalent in the case where X is 
compact Hausdorff. 

Definition A Peano continuum is a compact connected locally connect metric 
space. In a continuum Y, we say that A C Y separates the sets B,C C Y if 
B and C lie in different components of Y — A . In a Peano continuum X , we 
say that closed sets A,BcX cross if A n B 7^ 0, A separates points of B, or 
B separates points of A. 

Definition Let X be a Peano continuum, and G be a group which acts by 
homeomorphisms on X. If A is a G-invariant collection of closed subsets of 
X , we say that the pair (G, A) is a fine pairing on X if the following conditions 
are satisfied: 

(1) A is cross connected, that is for any A, B € A there are Ai, A2, . . . A n E 
A with A\ = A, A n = B, where Ai crosses -Aj+i for < % < n. 

(2) A is null. That is: For any e > 0, the set of elements of A with diameter 
at least e, {^4 G „4 : diam(A) > e} is finite. 

(3) ^4 is /me. That is: For any x, y G X there exists a finite B C A such 
that US separates x from y. 

We need the following two results from continuum theory. 

Lemma 1 If M is a Peano continuum and a closed set A does not separate 
the closed connected set B from the closed connected set C , then there exists 
a neighborhood V of A which does not separate B from C . (We are of course 
assuming that A n (B U C) = .) 

Proof For x,y £ M — A, define x ~ y if there exist a closed neighborhood D 
of A which does not separate x from y. Clearly B is in a single equivalence 
class as is C . Let b € B. Define W = {x £ M — A : x ~ b}. Since W is the 
union of components of open sets of M, and M is locally connected, it follows 
that W is open in M. Notice that W C W U A and so W is closed in M — A. 
Thus IF is a component of M — A and so W D C. It follows that there is 
a closed neighborhood V C M — (B U C) of A which does not separate some 
point of C from 6, and so V does not separate B from C. □ 
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Lemma 2 Given Z , a Peano continuum, for any e > there is 5 > such 
that if A, B are crossing closed sets of X with diam(A) < 5 and diam(B) < 5, 
then diam(A U B) < e. 

Proof Suppose not, then for some e > there are sequencea (A n ) and (B n ) of 
closed subsets of X with A n crossing B n for each n , diam(A n ),diam(B n ) < 
- , but diam(A n U B n ) > e for all n. Using compactness, we may assume that 
A n — > a € X and B n — > b <G X which implies that d(a, b) > e. Choose disjoint 
connected neighborhoods U and V of a and b respectively. For all n » 0, 
A n C U and B n C V, which implies that A n and B n do not cross. □ 

Lemma 3 Let (G, A) be a fine pairing on X and B C A with B finite and 
cross connected. If (gi) is a sequence of elements of G then either (gi(L)B)) is 
null, that is Ve > , 3N such that diam(gi(uB)) < e whenever i > N , or there 
exists B G B , A £ A and a subsequence (gi n ) of (gi) with g% n (B) = A for all 
n. 

Proof We assume that (gi(UB)) is not null. By Lemma 2 there is B G B 
with (gi(B)) not null. Thus there is e > and a subsequence (gi m ) with 
diam(gi m (B)) > e for all m. Since A is null, the set {gi m {B)} is finite and the 
result follows. □ 

Main Theorem Let X be a Peano continuum without cut points, and (G, A) 
is a fine pairing on X . If, for each A <G A, Stab(A) acts as a convergence group 
on X , then G acts as a convergence group on X . 

Proof We will show that G acts properly on AX . Assume not, then we have 
a sequence (v«) in AX and a sequence of distinct group elements (gi) in G 
such that Vj — > v E AX and gi(vi) — ► w £ AX. We may assume we have 
Vj = {xj,xf,xf}, v = {x^x 2 ,^ 3 } and w = {y 1 ,?/ 2 ,?/ 3 } with — > x- 7 and 
9i(x 3 i) -> y J for j = 1,2,3. 

For j = 1,2,3 choose a finite S J C A with x J 6 0, a component of X — LlB^ . 
Using fineness (and compactness of X) we can arrange that Vi F\V k = $ for 
j / k. Now choose a finite sequentially connected £ C A so that £P C B for 
J" = 1,2,3. 

We n ow c hoose connected neighborhoods 1U J of yi for j = 1,2,3 such that 
WnW = for j + k. 

We now show that the sequence (gi(L)B)) is null. For if not, then by Lemma 3 
we may assume that there is a B £ B and A £ A such that = A for all 
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i. Thus hi = gig^ 1 G Stab(A). Letting u« = g\ (vj) we have /ij(uj) — > w and 
u i — ► 5i( v ) • By remark 1, this would imply that Stab(A) didn't act properly on 
AX which is a contradiction. Thus the sequence (gi(UB)) is null and passing 
to a subsequence we may assume that (<7j(u£>)) — ► z G X. (That is to say 
that for any neighborhood [/ of z, there is an M such that if i > M then 
g t (uB) C 17.) 

Since W 1 , VF 2 and W^ 3 are disjoint, we may assume z G" VF 2 U W 3 , and so 
passing to a subsequence we may assume that gi(L)B) f~l VF 2 = = gi(\JB) H W^ 3 . 
The point z is not a cut point of X. By Lemma 1, for i 3> 0, gi(L)B) does not 
separate IF 2 from IF 3 . (See figure 2.) 




Figure 2 

Notice that for i » 0, &(xj) G £?;(W) nF/tl. 

Thus for such a (very) sufficiently large i , IF 2 U Vr 3 is contained in a single 
component C of X- gi (uB) and ffi (^ 2 )nW 2 + ^ #i(F 3 )rW 3 . This implies 
that C C #i(^ 2 ) and C C fi^V" 3 ) contradicting the fact that V 2 (1 V 3 = 0. □ 

We will show that the theorem is false if the hypothesis that A is fine is removed. 

Example Let G be the Kleinian reflection group generated by reflection in 
the sides of a regular right-angle hyperbolic dodecahedron. For each reflection 
r G G let P r be the plane in H 3 fixed by r. By standard results, the centralizer 
of r acts cocompactly on P r . Let H r = Stab(P r ) = Stab(<9P r ) where dP r is 
the boundary circle of P r in S 2 = dM 3 . Since H r acts cocompactly on P r , it 
follows that the limit set AH r = dP r . Notice that the Main theorem applies in 
this setting, as the collection of circles A = {dP r \ r G G a reflection } is fine. 
In fact this collection of circles gives one of the subdivision rules studied by 
Cannon, Floyd and Perry [4, pages 16-17]. 

We now alter this example so that the collection A is no longer fine, and the 
action is no longer a convergence action, but all of the other hypothesis of the 
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Main theorem apply. By Baire's theorem, there is a point s G S 2 such that 
s tfL dP r for every reflection r G G. Choose a convergence sequence of distinct 
group elements (gi) C G with n / s such that for any compact C j$ n and any 
neighborhood U of s, gi(C) C U for all i >> 0. 

Now let S be the set of translates of s by C For each t G 5, we replace 
the point i by the circle of directions i at t (so £ is a circle of length 2ir). 
Rigourously let S = {t\t G S}, and let X = (S 2 — S) US. We now describe the 
topology on X and show that G acts on X via homeomorphisms. There is the 
obvious "quotient" function /: X — > S 2 given by f(x) = x for x U5 and 
/(f) = {t} for t E S. To define the topology on X we describe a neighborhood 
basis of X. For x U5 and for U a neighborhood of f(x), / _1 (?7) will be a 
neighborhood of x . 

For x G £ G S, let e G (0, it) . Let a be the geodesic segment starting at t of 
length e in the direction of x. Define 



Now V e = f 1 (t/ e ) U (x — e, x + e) , where (x — e, x + e) is the open interval of 
the circle t. (See figure 3.) 



This gives a topology on X which is metrizable since X is regular and has a 
countable basis (S is countable). Since G acts conformally on S 2 , G preserves 
angles, and hence the action of G on S 2 "extends" to an action of G on I, 
and this action commutes with /, ie. for g&G,gof = fog. 

Now for any reflection r G G , by definition of s , S n dP r = . Thus dP r C X 
and it follows that the stabilizer H r acts as a convergence on X . 



U t = {y G S 2 : < d(t, y) < e, and Z t (a, [t, y]) < e}. 



X 




Figure 3 



Geometry & Topology, Volume 6 (2002) 



Convergence groups from subgroups 



655 



However, G does not act as a convergence group on X , for our original con- 
vergence sequence will have no convergence subsequence. To see this, let 
c£l and take a closed annulus D C S 2 separating n from s with f(c) ^ D. 
Notice that by definition of (<7j), gi(D) — > s. Let D = f~ l (D), and notice that 
D is compact. Clearly for any subsequence (g ni ) of (gi) , g ni {D) — > s. Since 
this is converging to an entire circle, it cannot converge to a single point, and 
so (<7 ni ) is not a convergence sequence with repelling point c. Thus G does not 
act as a convergence group on X , even though the action of G on S satisfies 
all of the hypothesis of the main theorem except that A is not fine on X . 

We can alter this example slightly by gluing a disk into each of the circles t, 
and obtain a new action of G on S 2 which is not a convergence action (fineness 
still fails). 
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